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The problem of translational motion of a vortex source in a three-layer fluid bounded by a 
bottom from below is considered. The fluid in each layer is perfect, incompressible, heavy, 
and homogeneous. Based on the previously developed method, formulas for disturbed complex 
velocities of the fluid in each layer and the wave drag and lift force of the vortex source are 
obtained. The vortex motion is considered near the interface of two semi-infinite fluid media 
and in a two-layer fluid with different conditions at the boundary. In all cases, the hydrody- 
namic characteristics of the vortex source are given as functions of the Froude number. In 
a number of problems, these characteristics have discontinuities at the transition through the 
critical Froude numbers. The character of these discontinuities is studied analytically. 

The most complete review of investigations of generation of surface and internal waves by a body 
moving in a fluid can be found in [1-3]. The problem of motion of a vortex source is the basic one in this 
field, since it allows an analytical solution. The motion of a vortex source was studied under a free surface 
[4, 5], near the interface of two fluids [6], under a free surface of a fluid of finite depth [7, 8], and in a two-layer 
fluid under a free surface [9, 10]. 

A large number  of papers dealing with the solution of a more general problem of motion of a contour in 
a multilayer fluid have recently been published [11-19]. It was found that  the hydrodynamic characteristics in 
some cases have discontinuities at the transition through the critical Froude numbers at which the character 
of wave generation become qualitatively different. 

A method for solving linear problems of motion of a vortex source in a fluid with an arbi t rary  finite 
number of layers was developed in [20]. Dependences of the hydrodynamic characteristics on the parameters 
of the problem were studied in the problem of motion of a vortex source in two-layer and three-layer fluids in 
[21, 22]. Based on the method proposed in [20], it is of interest to consider a more general problem of motion 
of a vortex source in a three-layer fluid bounded by a bot tom from below and find analytically the character 
of discontinuities in the vicinity of the critical Froude numbers. These studies are described in the present 

paper. 
1. We consider a linear problem of translational motion of a vortex source of intensity C --- F + iQ in 

a three-layer fluid bounded by a bot tom from below. The fluid consists of the layers D1, D2, and D3 (D1 is 
the lower layer). The  Ox axis of the coordinate system is aligned with the undisturbed interface between the 
layers D2 and 03 .  The vortex source is located at the point zo = xo - iyo of the layer Dr (r -- 1, 2). 
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We introduce the following notation: g is the acceleration of gravity, Voo is the velocity of the fluid at 
infinity on the left, Pk is the fluid density in the layer Dk (k = 1, 2, 3), and/-/1 and/-/2 axe the thicknesses of 
the layers D1 U D2 and D2, respectively. 

The disturbed motion of the fluid in the layer Dk is described by  the complex velocity Vk(z) (k = 1, 
2, 3). The functions Vk(z) are analytical in the layer Dk and satisfy the following boundary conditions [20]: 

1) continuity of pressure at the transition through the interface between the media D~: and Dk+l 
(k = 1, 2): 

dr  mk+i d ~ + l ( z )  
R e {  mkkk+l dz kk+I ~Z - b i b ' k ] / k ( Z ) } = O ,  z = x + i g 2 ( ] c - - 2 ) ,  

(1.1) 

m k Pk _ k + I  Pk+i Pk -- Pk+i  u = 1~'~' Pk = ~ 'mkk+l ;  
kk+I  = Pk "gc Pk+i ' "~kk+l = Pk + Pk+i  ' m k k + i  = Pk + Pk+i ' V~ 

2) continuity of the normal component of velocity at the transition through the interfaces between the 
media Dk and Dk+l (k = 1, 2): 

Im {~'k(z) - Vk+l (z)} = O, z = x + iH2(k - 2); (1.2) 

3) zero normal component of velocity at the bo t tom of the fluid: 

Im{Vl(z)} = 0 ,  . , . - = x - i l l 1 ;  (1.3) 

4) decay of velocity disturbances at infinity on the left: 

lim ~/k(z) = 0 (k = 1, 2, 3) .  (1.4)  
2; - -~- -OO 

Using the generic method for solving linear problems of motion of a vortex source in a multilayer fluid 
[20], we obtain the solution of the boundary-value problem (1.1)-(1.4): 

r = - -  
C 2 - r  

27ri z - zo 

oo p ,/ - -  + - G[(A)e -i~(~-:~ dA - i ~ Res (G[(A)e -i~(~-~~ 
~" j=l A=Aj 

0 

cr p ,/ + - a~(A)e~(~-~o) d~ + i ~  aes(a~(~)e~(~-~~ 
71" j=l A=)~j 

0 

(1.5)  

& ( z )  = - -  C r - i  

27ri z - zo 

oo p 

1 f ~ ( )  S-',_., ~=~jRe~ (O~(~)e-~(=-~~ - -  + - Q . A  e -~(~-~~ d A -  i .  
7r 

o j = l  

p i /  + - G~4(A)e i~(~-z~ dA + i E Res(Gr4(A)ei~(z-z~ 
7r A=Xj 

0 j--1 

(1.6) 

c~ p 

~'3(z) = -~1 f G~(A)ei)~(z_zo ) dA + i ~ )~=AiRes (G~(A)eiA(z-z~ 
j= l  0 

(1.7) 

888 



Here 

a~(~ )  = e2~H~(O - Ce2~r176 + -~) (~  + -1) + (~ - -2)(~m1~ + -1 ) e~H~) /2T(~ ) ,  

G~(~) = e -~-~n' (0 ( (~m23 + -~) (~ml~ - "1) + (~ - "~)(~ - "l)e2~R~)e2~Y~ 

4- C((Arn23 4- v2)(A 4- "1) + (A - -2)(Am12 4- .I)e2AH2)e2AH2)/2T(A), 

v~(~)  = ; ' ~ 2 ( A m 2 ~  + .2)e ~ ' ~ ( 0  - Ce ~ ' (~~ 

V l ( : 9  = :~ 'G( :~  - "2)e 2 ~ ( C  e'~(y~ - C ) / T ( : 9 ,  

G51(A) O~1 ~ 2  \2~2AH2 [t~2A(yo-H1) . . . . .  12,,o23" ~ ~'-'~ - C ) / T ( > , ) ,  

G~(A) = . G ; ~  e 2 ~ ' ( 0 ( ~ m 2 3  + "2) + C(;~ - - 2 ) e 2 ~ ~  

V~(: , )  = , ~ ; ~  e ~ ' - ~ ( 0 ( > ,  - . 2 ) e  ~ ~  + C ( ~ , m ~  + " ~ ) ) / T ( : 9 ,  

G~(~) = ( A m ~  + .2)(Oe~H'( .X -- "1 + (~ml~ + "l)e ~ t H , - ~ ) )  

-- Ce~;'~~ -- ~'1 + (;~ + "~)e~;'(g'-H~)))/2T()O, 

G~(;9 = ( 0 ( ~  - -~)e ~ ~  + C(;~m~ + -~))(:~ml.~ - "1 + (;~ + " l ) e2~r  

G5(A) ---- rng3A(O(Aml2 - Ul 4- (A 4- .1)e2A(H:-HI))e 2Ay~ 

-- C()~ -- "1 4- (,'~rrt12 -]- "z)e2A(H~-ttD)e2AH:)/T(A), 

T(,X) = (,Xm12 - -1)(,Xm2~ + ~'~) + (,~ - -0(,X - ~':)e :~'~: 

4- ((A 4- -1)(Am23 4- "2) 4- (Am12 4- b'I)(A -- .2)e2AH2)e 2A(H2-H~). 

Here Aj (j = 1 , . . . ,  P )  are the positive roots of the equation T(A) -- 0. An analysis of this equation shows 
that it has two roots for Fr < Frl. ,  one root for Frl .  < Fr < Fr2., and no roots for Fr > Fr2. [Fr = V2/(gH2) 
is the Froude number]. The critical Froude numbers Frl.  and Fr2. are determined as Frl,2. = 1/(ul,2.H2), 
where ul. and u2. are the roots of the equation 

1 2 __ 0. (1.8) m12rn23H2(U1 - H2)u 24- (m12m33H2 - (m12m2234- m22m23)H1)u 4- m12m23 

Using the generic method of [20], we obtain the following expressions for the hydrodynamic character- 
istics of the vortex source located in the layer Dr (r = 1, 2): 

r -prFVoc 4- r. R~ = -prQVo~ 4- AR~, Ry = ARy,  

P 
ARz~ = y=lZ T'(Aj)Pl [211 e2AAH2-Y~ (F z 4- Q2)((Aj 4- ul)(Ajrn23 + v2) + (Ajm124- vl)(Aj - .2)e 2;bg,) 

-- e2Aj(H2-H1)(r2 _ Q2)((,~j 4- ,1 ) (~ jm2 3 4- "2) 4- (/~jm12 4- "l)(.'~j - / / 2 )  e2AjH2) 

_ 1 e2A~(~o_H~) (F24- Q2)((Ajm12 _ ul)(Ajm234- u2) 4- (Aj - Vl)(Aj - -2)e2;bH~)] �9 
2 

(1.9) 
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oo 

AR1 = -- 21r p''!-I (F2 + Q2) / [ ( (A  + Ul)(Am23 + u2) + (~m12 + / / 1 ) ( ~  - -  u2)e2Xg2)e 2:~(II2-y~ 

0 

+ ((Aml2 - Ul)(Am23 + u2) + (A - Ul)(A - ~'2)e2AH2)e 2A(y~ dA . 
T(A)' 

(1.10) 

P 
j=l Tt(AJ) [ - (Ajm23 + 1,'2)( 1"2 - Q2)(Ajml2 - Ul + (Aj + ~l)e 2Aj(H2-H1)) 

+ 21 (Ajm23 + u2)(F 2 + Q2)e2A~(H2-Y~ (Aj - Ul + (Ajm12 + ul)e 2Ai(H2-H1)) 

__ ! (Aj -- /'2)(1 -̀ 2 + Q,2)e2AJY~ -- 1/1 + (Aj + V'I)e2Aj(H~-H1))] ; 
2 

(1.11) 

A R  2 = - - -  

oo 

(r  2 + 0 2) f[(am a +  2)(a - + (Am12 + ul)e2A(H2-H1))e 2A(H2-y~ 
2~r 

o 

dA 
+ (A - u2)(Arn12 - ul + (A + ul)e2;qH~-H1))e 2)~y~ T(A)" (1.12) 

Here AR~ and ARy are additional forces to the generic Joukowski force acting on the vortex source. 
The shape of the interface between Dk and Dk+l (k = 1, 2) is described by the formula 

1 Re{mkk+X~rk(z) _k+ 1 ~ ",nkk+l k+l(Z)}, Z = X + iH,~(k - 2), 
fk(z)= ~kvo~ 

where the complex velocities 12k(z ) are found from (1.5)-(1.7) taking into account (1.8). 
2. We introduce the dimensionless coefficients of wave drag ACz = ARzH2/(p,.F 2) and lift force 

AC~ = AP~H2/(prF 2) of the vortex. For a particular case P3/P2 = 0 corresponding to vortex motion in a 
two-layer fluid bounded by a bottom from below and by a free surface from above, we consider the behavior 
of the coefficients AC~ and ACy in a close neighborhood of the critical Froude numbers. 

Performing operations described in [21] for Eqs. (1.9) and (1.10) in the case r = 1, we obtain the 
following values for the right and left limits: 

u1 lim ACz = - -  lim ACz = 0, 
Fr--*FrL2. - 0 U2 ' Fr--*Frl.2. + 0 

Ui = 3(h - hi)2rnl2(hi(1 - 3mi~) + 4rn12 + R), 

U2 = 2(1 - hi)2(ml2hi((1 - 3mi2)hi i R) + 2m12(1 - hi)(1 - 5mi2)), 

(2.1) 

1 1 2 R = 2~/m12(m12hl - 4hlm12 + 4m12); 

lim AC u = -oe ,  
Pr~ Frl.2. + 0 

lim ACy = 1 [ 1 
~ - ~ , , o .  - o - ~  / 2(hl - -  h) 

oo 

+ 4 ( 1 -  h) W1 + / [ g l ( # )  

o 

2 W1 (1 + 2 # ( h  - 1))e2~'(1-h)'~d ] 
w2 J (2.2) 
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Here 

gl(#) = 2sinh (2#(hl - h))(# + vl,2.)(# + ~1,2.rn12 + m12(# - ~l,2.)e2t')e 2~O-h~), 

g2(#) = (# -- Ul,2,)(m12(# + Ul,2.) + (p -- ~l,2.rnl2)e 2t~) 

+ (# + ul,2*)(# + v1,2.m12 + rnl2(# -- ~l,2.)e2U)e 2~(1-hl), 

W1 = -3(h - h l ) m l 2 ( h l ( 1  - 3m12) + 4m12 �9 R), 

W2 = (1 - h1)2(2m12(1 - 5mz2)(1 - hi)  =k m l 2 h l R  + rn~2(1 - 3m,~)h~), 

H1 1 
h = Yo hi  = -H-, ~ = uH~_, vl,2. - 

H2'  2 Frl,2." 

Similarly, using the same operations for Eqs. (1.11) and (1.12) for r = 2, we obtain the limiting values ACx 
and ACy in a close neighborhood of the critical Froude numbers: 

u1 
lim ACx = - -  lim ACx = 0, 

Fr~Frl,~. - 0 U2' Fr---~Frl,2. + 0 

U1 -3(4h(h1 2)m12m12 2 1 1 = - - 2h rnl2(rnl2h z - 2ml~) 

+ rn12(hl(1 - 3m12) + 4rn12) 4- (2hrn12 - m12 - h~'rnl2)R), 

(2.3) 

U2 = 2(ml2hz((1 - 3m12)h1 4- R) - 2m12(hl - 1)(1 - 5m12)); 

where 

lim ACy = 4-00, 
Fr~Frl,a. + 0 

lim A C y =  1 [2- ~ W1 f (g~(I.t) 2 W 1  ( l+2t . th )e -2 t~h)  1 
D~Frl,... - 0 --~-~ -- 4h ~ + \g2(#)  ~'~ #2 d# , 

0 

91 (#)  ---- 2(#  sinh (2#h) - P1,2.cosh(2#h))(rn12(tt - Ul,2.) + (# + P1,2.rn12)e 2t~O-hl)) 

(2.4) 

+ 2D1,2, (/z -- ul,2.m12 + m12(# + ~l,2.)e2tt(1-hl))e 2it(I-h), 

92(#) = (# -- 191,2.)(m12(# + ul,2.) + (# -- Ul,2.ml2)e 2t~) 

+ (# + ul,2.)(# + ul,2.m12 + m12(# - Ul,2.)e2t~)e2t~(1-hl), 

W1 = - 3 ( r n l 2 ( h h l  + (hhl  - 2(2h + hi)  + 4)rn12) • (hml2 - m12)R), 

W2 = h2rn~2(1 - 3rn12) + 2m12(1 - 5m12)(h1 - 1) • hlrnl2R.  

The upper sign (plus) in these expressions corresponds to the limiting transition to Frl .  and the lower sign 
(minus) to Fr2.. 

An analysis of the limiting values of the coefficients ACz and ACy  in the neighborhood of the critical 
Froude numbers for the problem of motion of a vortex source in a two-layer fluid bounded by a bottom from 
below and by a free surface from above allows us to find a discontinuity of the first kind in the wave drag 
and a discontinuity of the second kind in the lift force. 
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Fig. 1. Hydrodynamic loads acting on the vortex, which performs a uniform motion in a multilayer 
fluid: the solid and dashed curves are the results for vortices located in the layers D1 and D2, 
respectively. 

3. Based on (1.9)-(1.12), an algorithm for calculation of the hydrodynamic loads ACx and ACy acting 

on the vor tex was developed. 
The  following cases of vor tex motion were considered: 

Case (a): in a two-layer fluid (p2/pl = 0.970874, p3/p2 = 1, and H1/H2 = o~); 
Case (b): under a free surface of a fluid of finite depth  (P2/Pl = 1, P3/P2 = O, and H1/H2 = 2); 
Case (c): in a two-layer fluid under a solid lid (m/pl = 0.970874, p2/p3 = o, and H1/H2 = c~); 
Case (d): in a two-layer fluid bounded by a solid straight channel (P2/Pl = 0.970874, P'2/p3 = O, and 

Hi~H2 = 2); 
Case (e): in a two-laver fluid under a free surface (p2/pl = 0.970874, P3/P2 = O, and H1/H2 = c~); 
Case (f): in a two-laver fluid bounded by a free surface from above and by a bot tom from below 

(P2/Pl = 0.970874, p3/P2 = O, and H1/H2 = 2). 

The  dimensionless parameter  of the vortex depth  h was 1.5 and 0.5 in the cases of vortex motion in 

the layers D1 and D2, respectively. 
The  calculation results for ACx and ACy for cases (a)-(f)  are shown in Fig. 1. The critical Froude 

numbers for cases (b)-(e) are Fr l .  = 2.000000, 0.030000, 0.014778, and 0.029126, respectively; the critical 
Froude numbers  in case (f) axe Fr l .  = 0.014 671 and Fr2. = 1.985 329. Case (a) has no critical Froude numbers, 
which is a t t r ibuted  to the existence of internal waves for all values of the parameters of the problem. This 

problem was studied in more detail  in [22]. 
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Case (b) has only one critical Froude number. The hydrodynamic loads have a discontinuity at the 
transition through F h . .  The character of these discontinuities was established analytically in [21]. 

In cases (c) and (e), at the transition through F h . ,  the coefficient ACx remains continuous, and ACy 
is continuous for r = 1 and has a discontinuity of the second kind for r = 2 (see Fig. 1). 

In cases (d) and (f), at the transition through the critical Froude numbers, the coefficients ACx and 
/xCy have discontinuities of the first and second kind, respectively (see Fig. 1). There is only one value of 
the critical Froude number in case (d) and two values in case (f). 

In cases (b)-(e), internal waves are generated only for Fr < Frl.  (there is no wave drag for Fr > Frl . ) .  
In case (f), internal wave prevail for Fr < Frl,  and surface waves prevail for Fr l .  < Fr < Fr2.; for Fr > Fr2., 
no waves on the free surface and at the interface are formed, and we have/kC~ = 0. 

The character of discontinuities in case (f) was established analytically based on system (2.1)-(2.4). 
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